We consider a theory of gravity in which the action is a result from the general disformal transformation on the Einstein-Hilbert action. We investigate the conditions where this theory can drive an accelerated expansion of the present universe, and then study the Vainshtein mechanism in this theory under such conditions. We find that the Vainshtein mechanism can work if the kinetic terms of the scalar field in the theory take non-canonical forms. Based on the constraint from local gravity experiments, we find that General Relativity is recovered inside the Vainshtein radius which can be of the order of the radius of the Milky Way.
Introduction
One of the most important puzzles in cosmology is the observed accelerated expansion of the late-time universe [1, 2] . A possible explanation for this puzzle is that the acceleration of the universe is driven by mysterious form of energy whose pressure is sufficiently negative, called dark energy [3] . On the other hand, the acceleration of the universe can also be a consequence of unknown physics of gravity at cosmic scales. To achieve the acceleration of the universe, many alternative theories of gravity have been proposed and studied [4] . In the simplest case, the alternative theories of gravity can be constructed by adding scalar degree of freedom to the gravity sector. These theories are belong to the class of scalar tensor theory of gravity [5] .
An interesting tool for studying the relation among various theories of gravity is the disformal transformation defined by [6] g µν = C(φ, X)g µν + D(φ, X)φ ,µ φ ,ν ,
where X ≡ −φ ,α φ ,α /2 is the kinetic energy of the scalar field, subscript ,µ denotes a partial derivative ∂ µ , while C(φ, X) and D(φ, X) are the coefficients for conformal and disformal transformations respectively. The above transformation will become the conformal transformation if D = 0. Using the conformal transformation with C = C(φ), the action for Brans-Dicke theory can be transformed to take the form of the Einstein-Hilbert action in the Einstein frame. The conformal transformation to the Einstein frame is also possible for the simple scalar tensor theory of gravity in which the non-minimal coupling is proportional to f (φ)R where f (φ) is an arbitrary function of the scalar field φ and R is the Ricci scalar. The physical equivalent between the Einstein frame and the original frame is shown in [7] . However, in order to transform more general scalar tensor theories such as the Horndeski theory [8, 9] and its extensions to the Einstein frame, the disformal transformation is required. It has been shown in [10] that for suitable coefficients of the Lagrangian the Horndeski action can be transformed to the Einstein frame using the disformal transformation with C = C(φ) and D = D(φ). For this choice of C and D, the form of the Horndeski action is preserved under the disformal transformation. In the case of the general disformal transformation where C or D depends on the kinetic term X, the disformal transformation can lead to the terms in the action which are beyond the Horndeski theory. This implies that the theories of gravity obtained from the general disformal transformation may have higher-order time derivative in the equations of motion, and consequently these theories may encounter the Ostrogradski's instability. However, in some cases, the higher-order time derivative in the equations of motion can reduce to the second order time derivative due to hidden constraints [11] . an interesting extension for the Horndeski theory, called GLPV theory, has been proposed in [12, 13] . Although the equations of motion for this theory are of third order in derivative in general, the equations of motion become second order in the flat FLRW universe. Furthermore, the results from the Hamiltonian analysis indicate that this theory has 1 scalar degree of freedom and 2 tensor degrees of freedom, and is free from the Ostrogradski's instability. It has been shown that each of the non-Horndeski parts of the GLPV action can be separately transformed to subclass of Horndeski action using the disformal transformation with C = C(φ) and D = D(φ, X)., but the full GLPV action cannot be obtained by applying the disformal transformation to the Horndeski action [13] . For this choice of C and D, The structure of the GLPV action is preserved under the disformal transformation [13] .
In addition to instabilities-free, viable theories of gravity are required to recover the Einstein theory in the solar system, because the predictions from the Einstein theory perfectly satisfy the gravitational experiments in side the solar system. To recover the Einstein theory, the fifth force associated to scalar degree of freedom in the gravity sector has to be screened [14, 15] . For f (R) gravity [16, 17] , the effective mass of the scalar degree of freedom becomes large in high-density regions due to the interaction between scalar degree of freedom and matter, and therefore the fifth force can be suppressed by the chameleon mechanism [18] . The screening of the fifth force can also be at work due to the non-linear self-interaction of the scalar degree of freedom through the Vainshtein mechanism [19] . Based on the Vainshtein mechanism, the fifth force can be suppressed for distance smaller than the Vainshtein radius r v . For a static and spherically symmetric background, the Vainshtein mechanism can work in Horndeski theory [20, 21] . However, in a cosmological background, the time variation of the Newton's constant cannot be suppressed by the Vainshtein mechanism and the metric potentials are not proportional to inverse distance satisfying the Newtonian gravity on small scales if ∂G 5 /∂X = 0 [22] . The stability of the spherically symmetric screened solutions has been studied in [23] . It has been shown that in the cosmological background, the non-Horndeski pieces in GLPV theory can lead to a partial breaking of the Vainshtein mechanism inside the compact object [24] [25] [26] . However, for a static and spherically symmetric background, the Vainshtein mechanism can work both inside and outside the compact object [27, 28] .
In this work, we study the Vainshtein mechanism in the disformal gravity theory in which the action is obtained by applying the general disformal transformation to the Einstein-Hilbert action. The evolutions for the background universe and the density perturbations for the disformal gravity theory obtained from the disformal transformation with C = C(φ) and D = D(φ) have been studied both in the Einstein frame [29] [30] [31] and in the Jordan frame [32] . It has been claimed that the Vainshtein mechanism for this type of disformal gravity theory does not exist [33, 34] . Here, we consider more general disformal gravity theory arisen from general disformal transformation with C = 1 and D = D(φ, X). In sec. 2, the action for this general disformal gravity theory is derived by applying the general disformal transformation to the Einstein-Hilbert action, and then we write the resulting action in the form of GLPV action. In sec. 3, the evolutions of the background universe for the disformal gravity theory are briefly discussed. The Vainshtein mechanism for this theory is considered in sec. 4, and we conclude in sec. 5. The derivation of action for the disformal gravity and its relation with GLPV action are presented in detail in the appendix.
General purely disformal gravity theory
In this section, we will derive the action of gravity by applying the general disformal transformation on Einstein theory of gravity. Under the purely disformal transformation the metric tensor is transformed asḡ
(2.1)
The inverse of the above metric is
2)
One can show that the connections computed from barred metric and original metric are related by [29] 
Using eqs. (2.1) and (2.2), we can write the above equation as
where subscript ; denotes covariant derivative associated to metric g µν . From the definition of K α µν , one can compute the Ricci scalar using the relation
From the calculations in the appendix (A), we can use the above equation to express the Ricci scalar in a barred frame in terms of the unbarred quantities Hence, let us consider the action of the form
where M p ≡ (8πG) −1/2 , P (φ, X) and L m are the Lagrangian density of the scalar field φ and matter in the unbarred frame. Using the expression forR from eq. (A.5), we can write the gravity part of the above action as
After several integration by parts shown in appendix (B), the above action takes a simple form,
It is clear that the above action is not the Horndeski action. Hence, to ensure that this theory of gravity is free of ghost, we will transform this action in to the GLPV form. Let
we can insert the action (2.8) in to the action (2.6) , and write the resulting action in the GLPV form [12, 13, 27] as
where
is the Lagrangian of scalar field in eq. (2.6). It follows from the appendix (C) that for our case, we have
Using the relation between C 3 and A 3 in [12, 27, 28] , one can show that
In the following sections, we will set M 2 p = 1 for convenience.
Background evolution
We first study the evolution of the FLRW universe for this theory of gravity. To obtain the evolution equations, we use the FLRW metric given by
where δ ij is the Kronecker delta, and supposing that the field φ is homogeneous, i.e., φ = φ(t). varying the action (2.10) with respect to n(t) and a(t), and then setting n(t) = 1, we respectively get
where a dot denotes a derivative with respect to time, H =ȧ/a is the Hubble parameter, ρ m and p m are the energy density and pressure of matter respectively. Variation of the action with respect to φ yields
For concreteness, we choose the disformal coupling of the form
5)
and choose A 2 as
Here, M , M k and M v are the constant parameter with dimension of mass, while λ 1 , λ 2 , λ 3 and λ 4 are the dimensionless constant parameters. For the homogeneous and isotropic universe, Y = −φ 2 , and therefore the field φ may be classified as a phantom field when the kinetic term in A 2 is proportional to Y λ 3 . For this choice of D and A 2 , the equations of motion become
We briefly study the evolution of the universe at late time by solving the above equations numerically. Substituting M 4 v e −λ 4 φ from eq. (3.7) into eq. (3.9), we can write eq. (3.9) as
where a prime denotes a derivative with respect to N = ln a,
and Ω 0 m are the present value of the Hubble parameter and Ω m respectively. The function H ′ /H can be computed by combining eq. (3.8) with eq. (3.7) and setting p m = 0, so that we get
Setting than unity at late time because −DY = Dφ 2 is close to one, while γ → 1 when −DY becomes much smaller than unity during matter dominated epoch. Thus −DY is always smaller than unity throughout the evolution of the universe. In general, one expects that the accelerated expansion of the universe can be achieved if the form of A 2 can satisfy
v e −λ 4 φ which corresponds to phantom case etc.
Vainshtein mechanism
Since the theory of gravity considered in this work is the sub class of GLPV theory. We study the Vainshtein mechanism in this theory based on the analysis in [27] . To study behavior of gravity in the spherical static background, we write the line element in the form ds 2 = −e 2Ψ(r) dt 2 + e 2Φ(r) dr 2 + r 2 dθ 2 + sin 2 θ dϕ 2 .
(4.1)
Vary the action (2.10) with respect to the metric tensor, we get
where a prime denotes derivative with respect to r, Y = e −2Φ φ ′2 for this consideration due to the static and spherical assumptions, and
The conservation equation for the matter yields
In the weak field limit, i.e., |Φ| ≪ 1, |Ψ| ≪ 1, eqs. (4.2) and (4.3) reduce to
where we have considered the case where the main contributions to the above equations are of the order of γΦ and γΨ to ensure that the above equations of motion will satisfy Einstein theory in the solar system [21, 27] . This approximation implies the condition Y D < 1 yielding A 4 ∼ −B 4 which satisfies Einstein theory. The equation of motion for the field φ can be computed by differentiating eq. (4.3) with respect to r, and then eliminate Ψ ′′ , Ψ ′ and Φ ′ terms in the result using eqs. (4.2) -(4.6). In the weak field limit, we can write the equation of motion for φ as [27, 28] 
Let us consider the model where the disformal coefficient and A 2 are respectively given by eqs. (3.5) and (3.6) . For simplicity, we set λ 4 = 0 and replace the distance r byr ≡ rH 0 , so that eq. (4.9) becomes
where subscript ,r denotes derivative with respect tor,ρ m ≡ ρ m /H 2 0 which equals to 3Ω 0 m 1 for the background density while becomes much larger than unity inside the gravitational source, and
(4.13)
It follows from the above equation that F < 0 when λ 3 is the odd integer, and consequently the last term on the RHS of eq. (4.12) becomes infinite when F = −1. Thus the Vainshtein mechanism is not expected to work in this case. Unfortunately, this case includes the case of canonical scalar field which the Lagrangian is −φ ,α φ ,α /2 − V . This problem can be solve if we add extra A 3 -term in the eq. (2.12), but we will not consider this possibility here. However, F is always positive when λ 3 is the even integer or φ is a phantom field, i.e., [−(φ ′ ) 2 ] λ 3 in eq. (4.13) becomes (φ ′ ) 2λ 3 . In the case where F is positive, the solutions for eq. (4.12) are different when F ≪ 1 and F ≫ 1. Hence, the Vainshtein radiusr v can be defined as the radius at which F = 1, so that
(4.14)
In the following sections, we will check whether the fifth force, which is proportional to φ ′ , can be suppressed outside the gravitational source whenr s ≪r ≪r v . Here,r s = r s /H −1 0 is the radius of the gravitational source divided by the Hubble radius.
The caser ≫r v ≫r s
Before study behavior of φ inside the Vainshtein radius, let us compute the solution for eq. (4.12) for the case wherer ≫r v . Whenr ≫r v , the factor F is much smaller than unity and the third term on the RHS of eq. (4.9) can be neglected. Therefore, eq. (4.12) becomes φ ,rr + 2 r
where we have set γ ∼ 1. To compute the solution for the above equation, we assume the simple density profile for the matter which
where ρ c ≃ 3H 2 0 Ω 0 m is the energy density of the background matter. Thus, the first integral for eq. (4.15) can be written as
17)
where c 1 is the constant of the integration
The caser v ≫r ≫r s
In the case wherer ≪r v , we have F ≫ 1 and therefore eq. (4.12) reduces to
The first integral for this equation is
where c 2 is the integration constant and To obtain the second line in the above equation, we user <r v < 1, and use ρ s ≃ 100g / cm 3 and r s ≃ 10 10 cm for the sun, so thatr 2 sρ s ≃ 10 −4 .
The caser v ≫r s >r
The magnitude of the constant c 2 in eq. (4.18) can be estimated by studying the solution for eq. (4.12) inside the gravitational source. Inside the gravitational source, the condition F ≪ 1 is still valid, so that the equation for the field profile is similar to that in eq. (4.18) with the replacementρ m →ρ s , i.e.,
The first integral for this equation is φ ,r ≃ er where c 3 is the integration constant. To ensure that |φ ,r | is finite inside the gravitational source and much smaller than unity whenr → 0, we suppose that c 3 < 0 and its magnitude is always larger than the integral term in eq. (4.22) inside the gravitational source. Hence, the solution for eq. (4.21) can be approximated as
where the positive constantc 3 ≪ 1. This solution inside the gravitational source can be matched with solution outside the gravitational source given in eq. givesr v ∼ 10 −6 or equivalently r v ∼ 10 22 cm which is the order of the radius of Milky Way. However, if c 4 decreases, |Γ − 1| as well asr v will decrease. Inserting c 4 from the above estimation into eqs. (4.25) and (4.26), one will see that the Einstein theory of gravity is recovered for distance smaller thanr v . To check our analytical estimation, we solve eq. (4.12) numerically and plot φ ,r and F in fig. ( 3)
Conclusions
In this work, we study the Vainshtein mechanism in a general disformal gravity theory in which the gravity action is a result from purely disformal transformation on the Einstein-Hilbert action. We briefly discuss the cosmic evolution for this model of gravity, and find that the accelerated expansion of the late-time universe can be achieved if the Lagrangian of the scalar field A 2 satisfies A 2 /(2XA 2,X − A 2 ) < −1/3. We then compute the differential equation for the scalar field profile in the weak gravitational field limit using the assumption DY < 1 to ensure that General Relativity can be recovered inside the solar system. We find that the differential equation for the field profile can encounter the singularity and the Vainshtein radius cannot be defined unless the kinetic term of the scalar field takes non-canonical forms or the extra terms are added to L 3 in eq. (2.12). The solutions for the equation of the field profile are analysed by choosing the values for the parameters of the model such that the accelerated expansion of the universe can be realised. We find that |∂φ/∂r| is nearly constant and takes a small value inside the Vainshtein radius. Using the bound on the post-Newtonian parameter Γ from the solar-system experiments to estimate the magnitude of |∂φ/∂r| around the sun, we can approximately compute the Vainshtein radius and find that the Einstein theory of gravity is recovered for distance significantly smaller than the Vainshtein radius which can be of the order of the radius of Milky Way. and get
We now use eqs. (A.1) and (A.2) to compute Riemann tensor as
) .
(A.3)
Inserting the expression for the barred Riemann tensorR α βαν from the above equation into eq. (2.5), we get
The terms that are proportional to 2XD in eq. (A.4) can be simplified by writing 2XD = 1 − 1/γ 2 , so that this equation becomes
B Integration by parts
We can simplify the action in eq. (2.7) by performing the following integration by parts: The term A 2 cancels with the term in the second line, and the term A 1 in the above action can be integrated by parts, so that this action becomes ;ω − φ ;α;ω φ ;α;ω ) +γD ;α φ ;α φ ;ω ;ω − φ ;ω φ ;α;ω (B.11)
Terms C 1 and C 3 can be integrated by parts, so that the above action becomes 
